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Abstract:

The concept of this calculating method is based on the assumption that the distribution of the
speeds along the river depth can be approximated by parabolas that slip on a very thin
boundary layer on the bottom of the river. The thickness of this boundary layer,

o=0(1/N Re ), is negligible regarding the measured values of depth in different locations. The

discrete points determined by data from the measurements in locations along the width of the
river are connected by continuous and smooth lines that are generated by spline-interpolations.
The calculation of transported quantity is done by integration between these lines.

The calculating method presented here is just a theoretical one. For its use to real data it is
necessary to develope an adequate computer programme either in MATLAB or in Maple or in
other suitable programming language. The accuracy of measurements highly influences the
exactness of the calculation.
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1 INTRODUCTION

The importance of the determination of the flow of a smaller river has several ecological and
other reasons. There are some procedures for the approximative calculation of the flow since the
times before using of computers as treated in [1] and in [2]. An other one of the several
calculating methods is based on calculation of the average area of transects and on that of
middle surface speed and applying the formula Q=ALC/T, where A is the average area of two
transects in a distance L from each other, C is a correctional coefficient depending on the type
of the bottom and varying between 0.8 and 0.9, and T is the average time the water flows the
distance L. T is to be measured several times in order to get a more accurate average value.

2 EXPERIMENTAL RESULTS AND DISCUSSION

The method to be presented here is based on few measured data acquired in different locations
along the width of the river and on an experimental coefficient which depends on the type and
quality of the bottom surface of the river bed.

The flow of a river depends on many circumstances as wether the river is tidal or ebbing or
steady, because the water surface is respectively slightly convex or slightly concave or
horizontal. The measurments have to take place on a straight stretch. Assuming the continuity of
the flow the following equation holds:

a—u+@+%=0, (1)
ox oy oz

and even so that every member in (1) is to be equal to zero, where u,v,w are the components of
the velocity of the flow.

Despite the straightness of the stretch the flow near the bottom is turbulent and it has a very thin
boundary layer with the bottom of the river. The thickness of the boundary layer can be

. 1 - . .
estimated as 6 = O(———) . Within the boundary layer the flow is laminar. The statements and

JRe

calculations regarding the boundary layer with the bottom are detailed in [3] and [4].

359



2" International Joint Conference on Environmental and Light Industry Technologies,
21 — 22 November 2011, Budapest, Hungary
Obuda University

Z4 ¥y
Vi v, (Vi)
2
01 6v.\rf (,V, + I)
0,6v,,(v,)

Figure 1: The distribution of speeds along the width and the depth of the river

The thickness is very small, therefore its value is negligible from the values of depth measured
along the width of the river. Despite the turbulent phenomena near the bottom we assume that
the thread elements of the water are straight in time At, that is, the lengths of their way can be

regarded as values of a function of two variables.
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Figure 2. Continuous and smooth distribution of speeds

between two neighbouring location
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The data to be measured are: the velocities of the flow on the surface: v, (y;), the values of the

depth along the width in different locations,b(y;), y; €[0,w], i =12,...,n; w denotes the width of
the river.

As it is known the maximal velocity of the flow of a river is not necessarily on the surface, but at some
deepness, so in case of a deeper river the values v, ., (Yy;) and their depths z, (y;) are also to be

measured, if even not entirely along the whole width, but at least in some locations in the main stream.
The locations of the measurments are to be distributed uniformly, but not necessarily equidistant,
along the width of the river. For the correctness of the dimensions we take the values of velocities as if
multiplied by some At.

The concept of the calculation is based on the assumption, that the distribution of the speeds of the
flow along the depth can be approximated by parabolas that slip on the boundary layer. Another new
aspect of this calculating method is the feature that the points determined by discrete measured values
are connected by continuous and smooth lines generated by spline-interpolations. The integration is

done between these lines in order to get the quantity of water transported by the river in the time At

[T].
Let us denote Vi (V) =V, Vi (Y) = Vi, [LT], B(Y) =b, 2, (y) =2,,, [L].
Two cases will be discerned according to the location of the vertex of the parabolas.

Case 1: the vertex of the parabola of the distribution of speeds along the depth is on the surface of the
river which means that v, =V, .

Now we determine the coefficients of a general equation of second degree,
f(z)=az’ +a,z+a,, a #0.

In this case f (z) is an even function, so

f(z) = f(-z) =qz° —a,z+a, implies a, =0.

f(z) =a,z* +a,, for z=0 we obtain f(0)=a, =v,,.

For z=b weget f(b)=ab*+v,,.

The experiments indicate that the speed of flow on the bottom is 0.6v . . This experimental

coefficient can vary in value depending on the type and quality of the surface of bottom. In a case of
further simplification it can also be taken as 0.6V .

0.4v,
thus we get a, = Y
If we have got measured data for both the speeds on the surface and the depths in n—1 inner locations
along the width of the river, then the quantity Q, [L*], can be calculated by integration. Both the

surface speed and the depth are zero at the both banks.

ab? +v,, =0.6v

srf
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Between two measured values v, (Y;) and Vg, (V;,,), respectively b(y;) and b(y,,,;), V., (y) and

b(y) as functions of y [0, w] are to be interpolated by a set of polynomials of degree 3. This set of

plynomials constitutes a spline-interpolation of their curves which are continous and smooth, that is,
they are differentiable with respectto y .

Now we briefly review the method and procedure of the execution of a spline-interpolation by
polynomials of degree 3. A description of splines is to be found in [5].

Letn+ldata f, = f(y,;) begivenofan f(y) function,i=0,1,...n.

Let p=(Py, Pys----P,,_1) be a set of polynomials, each of them of degree 3.

For the polynomials let the follows hold:

P (Vi) =Pia(y:)

pi(y:i) = Pia(yi)

pi(y) =pl(y)  i=12..n-1 3)
Po(Yo) = Pra(y,) =0 4)

These equalities mean that the polynomial p is continuous and smooth in everyy; location,

furthermore that here the measure of the curvature of p equals to those of the both adjacent
polynomials.

Let p interpolate function f(y), thatis, p(y;)=p;(y;)=f(y,)=f, and

p(Yi+1) = pi+l(yi+1) =P (yi+1) = f(yi+l) = fi+1'
Let us introduce S; = p'(Y;), thatis, p/(y,)=s; and p;/(y,,)=S;,-
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. and h, =y, —Y;, furthermore ﬂ = hfl and

Let t and h. be the following: t= y
h; dy

Let us introduce a new polynomial for p,(Y), of which coefficients we will get from the Hermite-
interpolation for the two endpoints: g, (t) = p,(y) = p; (y; + hit), where t €[0,1].

Thus, ;(0) = p;(y;)=f; and q;(1) = p;(y.,,) = fi,; and

d?p,(y) d?%g;(t) dt® i
_” = ! = ! = "t h .
p/(y) 0y i dy’ q/(t)h,

From the known formula of the Hermite-interpolation we get:

q (1) =@A-0)*f +t* £, +t@-t)(@A-t)2f, +hs) +t(2f., —hs,,)).

Differentiating ¢, twice we get:

q/(0)=6(f,_, —f)—2h(2s, +s;,;) and
qi”(l) = _6( fi+1 - fi ) + 2hi (Si + 25i+1) .

Our next task is to determine the values of s, 1 =01,2,...,n.

From (4) we get:

pg(yo) = qg(o)ho_2 = 3h0_2(f1 - fo) - ho_l(zso + 51) =0, that is,
h, " (2s, +5,) =3h, 2 (f, - f,).

From (3) we get:

q/Oh~ =07, thatis,
3h, *(f . = f)=h (25, +5,.,) = =30, (fi., —f)+h

s +2s,.,), thatis,

by (s +25,,) +h (28 +5.,) =30, (F — f)+30 " (i, — f), i=12..n-1

i+1

From (4) we get again:
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pr’:—l(yn) = qr':—l (:l-)hoi2 = _3hn—172 ( fn - fn—1) - hn—{1 (an—l + Sn) =0, that is,
hn—l_l (an—l + Sn) = 3hn—l_2 ( fn - fn—l) .

This constitutes a system of linear equation of n+1 equations for s, i =0,1,2,...,n.
3 i 0 0
hO hl
12 2 1 0 0
hy hy hh
0 i 3 + i i 0 0
hl hl h2 h2
N T S N S
i h, h hy b .
1 2 N 2 1 0
hn—3 hn—3 hn—2 hn—2
0 0 1 2 N 2 1
hn—2 hn—z hn—l hn—l
0 0 0 0 0 i i
L hn—l hn—l_
s=[s, s, S, ... ... S., S, S|
d= 3(f1 — fo) 3(f1 — fo) + 3(f2 - f1) 3(fn—l — fn-z) + 3(fn — fn—l) 3(fn — fn-1)
hy’ hy’ h,? h%ns h%na h%n
As' =d’ )

The solution of (5) provides the values of s.

The system has a unique solution for s, because for every s#0 SAs'>0, so matrix A is positive
definite.
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In case 1 the procedure above is to be executed twice, first the f,-s take the values of v (Y;),
thereafter they take those of b(y;).

Let qiband quS” denote the polynomials obtained by the spline-interpolations, then (2) takes the
form:

LN

n—

h.

g;” (g, (t)dt . (6)

O

I
I—‘||—‘
agl|lw
O Ly

T
o

Case 2:
Now let us examine the case when the vertex of the approximating parabola is under the surface of the
river, at the depth of z_(y,). In this case the calculation needs two further types of data, namely the

values of v, (y;) and those of z_(y;). A parabola of which directrix is parallel to z-axis, can be

determined uniquely by its three points. Only one restriction is to be observed for the points, namely
none of them is allowed to be the vertex of the parabola. It is because none of the three given points
will necessary be the vertex of the unigue parabola running through them.
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Figure 3. In case 2 the vertex is below of the surface

22z (2
_ 2t o f() 1
The general form of the equation of such a parabolais: | ~, =0
7,7 7, f(z,)
;' 7, f(z)

The known points are:

(20, F(20)) = OV ), (250 F(2,)) = (22, Vs )s (25 F(25)) = (0,0.6v,,)

The point(z,,,V,,, ) is expected to be vertex of the parabola, but it approximates the point only.

z° z f(2)
0 O VSrf _ 0
4Zm2 22m Vsrf

b> b 0.6v,,
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To obtain the equation in the form f(z) =c,z* +c,z +c,we expand the above determinant in two
steps.

0 Vs 0 Vs 0 0 0 0 Vit
22z, v, ~242.° v, + f(2)4z,° 2z, 1-|4z,° 2z, v, |=0
b 0.6v,, b> 0.6v,, b> b b> b 0.6v,,

After expanding the above determinants and after simplifications we get:

0.6Viey —Verr , 22,V —1.22,V
f(z) = z
b(b-2z,) b(b-2z,)

Z+ Vsrf (7)

For (7), as an other type of parabolas, the integration and thereafter the necessary spline-interpolations
shall be done.

In practice the calculating Q may require the integration of the both types of parabolas, because the
measurments of data v, (y;) and z,,(y;) seem to be necessary in locations of the main stream and

eventually in those of deeper place only. In such a case, let us say, three measured data mean five data,
because the data set includes the initial and final zero data.

In order to reduce the number of measurements further simplifications can be done.

Substituting v, by v, that is, at the bottom, on the boundary layer the speed of flow is substituted

by 0.6v

srf 1

then from (7) we get:

srf 1

- 0'4Vsrf 2 0'82mvsrf (8)
Z+V

f(Z)= "+ srf
b(o—2z,) bb—2z,)

If we suppose that z (y) =cb(y) and we guess the value of ¢ as an other experimental coefficient,
thus, the number of measurements will be reduced to the necessary minimum. So the double
integration of (8) needs again polynomials qi|D and qiv“f only.
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3 CONCLUSION

This calculating method can be put into practice by developing programmes in an adequate language
for the measured data.

For real data a system of programmes to be developed could prove the practical usability and some
closer accuracy of this calculating method.
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