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Abstract: This paper presents a framework for the incorporation of the gradation curve in the description of mechanical behavior of unsatu-
rated soils at low to medium degrees of saturation. Unsaturated soils have self-equilibrating initial stresses arising from surface tension forces
acting on water menisci, which depend on the microstructure of saturation, particle surface contact characteristics, and pore size distribution
(POSD). The latter, in turn, can be related to gradation curve. Unsaturated soil is treated here as a three-phase composite material, and its
mechanical response is derived from that of its constituents: soil skeleton, water, and air. This approach leads to an analytical expression for
the soil water retention curve (SWRC) in which the critical parameter to be determined is the water menisci area per unit volume (Swma) of the
soil. This parameter can be identified from the gradation curve using well-established methodologies in soil science and agricultural engineer-
ing. Numerical simulations of triaxial tests show that deformation and strength of unsaturated soils, at a given degree of saturation and
confinement, are influenced by the gradation curve, and its incorporation in the description of mechanical behavior of unsaturated soils
is rational. DOI: 10.1061/(ASCE)GM.1943-5622.0001551. © 2019 American Society of Civil Engineers.
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Introduction

There has been enormous interest among researchers and engineers
in the last two decades in developing constitutive models for
unsaturated geomaterials. This seems to have been prompted by
plans in many countries for development of infrastructure, gener-
ation of renewable and nonrenewable energy, geological disposal
of nuclear waste, and so on. Many theories to characterize the
mechanical response, methodologies for laboratory testing, and
new equipment to measure suction pressures have been developed.
Instruments to monitor in-situ behavior of unsaturated soils
have also been developed and used in a few cases. Most publica-
tions attempt to extend standard soil mechanics and its long-
established fundamental principle of effective stress for saturated
soils to unsaturated soils. A number of textbooks dedicated to the
mechanics of unsaturated soils have been published (Fredlund and
Rahardjo 1993; Ning and Likos 2004; Ng and Menzies 2007).
Until recently, most books (e.g., Barnes 2010; Craig 2013) had very
limited information on unsaturated soils, usually contained in the
chapter related to compaction or highway engineering.

It is admitted that the mechanical response of unsaturated soils is
more complicated than that of fully saturated or dry soils. This is
mainly due to the complexity of the microstructure of saturation.
However, unsaturated soil is not a new material but a state
of soil influenced by variation in the degree of saturation. For
solving practical engineering problems and in a bid to match

experimentally observed response, an additional parameter, that
is, matric suction, considered as an independent state variable,
was proposed in the so-called basic Barcelona model (BBM)
(Alonso et al. 1990). This model has been subsequently extended
and modified by many researchers (Khalili and Khabbaz 1998;
Wheeler et al. 2002; Pedroso and Farias 2011), though questions
relating to its validity have also been raised (Baker and Frydman
2009; Zhang 2016; Pande and Pietruszczak 2015). A significant
experimental effort has been devoted to validation of this approach
that has included testing various types of soils under constant suc-
tion (Chen et al. 1999; Pereira and Fredlund 2000; Lim and Miller
2004; Schanz 2007). In order to achieve better correlation with ex-
periments, it was proposed to incorporate the soil water retention
curve (SWRC) (Gallipoli et al. 2003a; Wheeler et al. 2003; Khalili
et al. 2008) in addition to suction. However, it was then realized
that the SWRC also depends on changes in void ratio or strain. This
has led many researchers to develop semiempirical expressions
of strain-dependent SWRCs involving the introduction of addi-
tional parameters describing its evolution (Gallipoli et al. 2003b;
Tarantino 2009; Dieudonné et al. 2013; Khoshghalb et al. 2015;
Pasha et al. 2017).

In this paper, gradation curve or particle size distribution (PSD)
is proposed as an alternative input to describe the mechanical re-
sponse of unsaturated soils. From PSD, a pore size distribution
(POSD) as well as SWRC can be obtained (Gupta and Larson
1979; Arya and Paris 1981; Haverkamp and Parlange 1986;
Frydman and Baker 2009; Imre et al. 2012; Beckett and Augarde
2013; Hu et al. 2013). Moreover, from POSD, it is also possible to
compute strain-dependent SWRC based on certain assumptions
relating to changes in POSD due to volumetric strains. Tests to
obtain SWRC in the laboratory or in field are time consuming
and expensive. Thus, the methodology presented here may be con-
sidered a pragmatic approach for the analysis of real engineering
structures.

The scope of this paper is restricted to soils that are inert to
chemical interaction and are at a low to medium degree of satura-
tion. The section “Microstructure of Saturation in Soils” briefly dis-
cusses various types of microstructure that may arise at different
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degrees of saturation. This is important because the response of
unsaturated soils changes depending not only on degree of satura-
tion but also the microstructure of saturation. The section “Stress–
Strain Behavior of Unsaturated Soil Treated as a Composite
Material” deals with the development of the stress–strain relation.
The response is defined in terms of properties of constituents, that
is, soil skeleton, water, and air, and their microstructural arrange-
ment. A notion of specific water menisci area per unit volume
(Swma) is introduced and, an analytical expression relating it to
suction is obtained. The section “Assessment of SWRC for
Assemblages of Monospheres” presents an assessment of SWRC
for monospheres with four different packings. (This assumption is
not new, given that it is embedded in geotechnical engineering
practice in the interpretation of gradation curve and the evaluation
of POSD.) This is done for two cases of microstructure of satura-
tion, that is, discontinuous menisci formed at the interparticle con-
tacts (pendular menisci) and a continuous film of water adhering to
grain boundaries. The section “Computation of SWRC from PSD
or POSD” gives a brief review of research linking PSD and POSD
to SWRC in the fields of agricultural engineering, soil science and
agronomy, and so on, to obtain SWRC from PSD and POSD. The
procedure is then extended to obtain strain-dependent POSD as
well as SWRC. The last section gives results of simulations of tri-
axial tests on two hypothetical soils that have the same porosity and
initial degree of saturation but different gradation curves. Signifi-
cantly different response is observed depending on gradation
curves. Conclusions and recommendations for future experimental
research are given in “Conclusions.”

Microstructure of Saturation in Soils

From the experimental evidence based on X-ray computerized
tomography (CT) studies (Romero and Simms 2008; Lourenço
et al. 2012; Shin et al. 2013), it seems that a sample of unsaturated
soil is unlikely to be homogenous with reference to its microstruc-
ture of saturation. Concave as well as convex water menisci, dis-
continuities, and dry and wet patches are observed in the same
sample (Lourenço et al. 2012). At the same time, the degree of sat-
uration evolves during the test and thus the microstructure of
saturation changes broadly depending on the type of soil that is,
clay, silt, or sand. Thus, a sample of unsaturated soil can be treated
as macroscopically homogenous only in an average sense.

From the point of view of numerical simulations, three different
types of microstructures of saturation can be visualized in unsatu-
rated soils (Pietruszczak and Pande 1991, 1995, 1996). These are
shown in Fig. 1, where approximate range of degree of saturation
(Sr) is also indicated. In Type A, water adheres to contacts between
the grains and is discontinuous, whereas the air phase is continu-
ous. In Type B, the water phase and air phase are both continuous,
whereas in Type C, only the water phase is continuous. This paper
is restricted to microstructures of saturation of Types A and B.
These types of saturation are likely to be applicable to a majority
of cases.

Stress–Strain Behavior of Unsaturated Soil Treated
as a Composite Material

For soils with a microstructure of saturation of either Type A or B,
soil behavior can be described by the constitutive relation of the soil
skeleton subjected to additional confining pressure due to suction.
The assessment of suction for these types of microstructure is
addressed in the section “Assessment of SWRC for Assemblages
of Monospheres.”

The mathematical formulation for the microstructure of satura-
tion of Type B was discussed by the first two authors in a
conference paper (Pietruszczak and Pande 1995). However, it is
briefly described here, albeit in a slightly different form, for the
sake of completeness and continuity.

Unsaturated soil samples are three-phase composites compris-
ing skeleton, water, and air as constituents. The average macro-
scopic stress σij within a representative volume V may be
defined as

σij ¼
1

V

�Z
VS

σ̄s
ijdVS þ

Z
VV

p̄δijdVV

�
ð1Þ

where σ̄s
ij = stress field in the skeleton; p̄ = pressure field in the

voids measured above a threshold value (atmospheric pressure);
VS = volume of solid; and VV = volume of voids. The integrals
appearing in Eq. (1) are proportional to the respective volume aver-
ages of both fields, that is

Fig. 1. Schematic representation of microstructure of saturation: (a) Type A: air phase continuous but water phase discontinuous (Sr < 0.25, ap-
proximately); (b) Type B: water and air phases both continuous (0.25 < Sr < 0.75, approximately); and (c) Type C: high degree of saturation-water
phase continuous but air phase discontinuous (Sr > 0.75, approximately).
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σs
ij ¼

1

VS

Z
VS

σ̄s
ijdVS; p ¼ 1

VV

Z
VV

p̄dVV ð2Þ

where σs
ij = average stress in the skeleton; and p = average excess

pressure in the voids. Substitution of Eq. (2) in Eq. (1) leads to

σij ¼ ð1 − nÞσs
ij þ npδij ð3Þ

where n ¼ VV=V is the porosity of the sample.
Consider now the interconnected voids as a free body. The aver-

age pressure p may be defined as

p ¼ 1

VV

�Z
VW

p̄wdVw þ
Z
Va

p̄adVa −
Z
Sm

TdSm

�
ð4Þ

where p̄w and p̄a = excess pressure in the water (occupying volume
Vw) and air (of volume Va), respectively; T = surface tension force
(per unit length of the air-water meniscus); and Sm = surface area of
air-water menisci. Denoting by pw and pa the volume averages of
p̄w and p̄a, Eq. (4) may be expressed as

p ¼ Srpw þ ð1 − SrÞpa − TSm
VV

ð5Þ

In the microstructure of Type B being discussed here, the grains
are considered to be in a direct contact with water; therefore,
p ¼ pw so that Eq. (5) reduces to

pa − pw ¼ TSm
VVð1 − SrÞ

ð6Þ

Dividing both terms of the fraction on the right-hand-side by V,
Eq. (6) can be expressed as

pS ¼ pa − pw ¼ SwmaT
nð1 − SrÞ

ð7Þ

where Swma ¼ Sm=V is the specific water menisci area. The pre-
vious equation is an analytical expression of SWRC, and the
parameter Swma can be determined either from the gradation curve
of the soil or from standard physical experiments.

Consider now the constitutive relation governing the behavior of
the soil skeleton. Assume that the response of a dry material can be
described by an incremental relation

σ̇ij ¼ fð1 − nÞσS
ijg: ¼ Dijklε̇kl ð8Þ

For the Type B microstructure, the grains are considered to be
surrounded by water at an excess pressure of pw. In this case, the
response of the skeleton alone must be consistent with that given by
Eq. (8) and that is

fð1 − nÞðσS
ij − pwδijÞg: ¼ σ̇ 0

ij ¼ Dijklε̇kl ð9Þ

where σ 0
ij = effective stress. According to Eq. (9)

σ 0
ij ¼ ð1 − nÞσs

ij − ð1 − nÞpwδij ð10Þ

The previous definition, combined with Eq. (3), leads to the
classical Terzaghi’s decomposition (Terzaghi 1936)

σij ¼ σ 0
ij þ pwδij ð11Þ

It is important, at this point, to comment on the initial conditions
within the specimen. Neglecting the stress due to self-weight and
assuming that the air pressure is initially at the atmospheric level,
that is, σij ¼ 0 and pa ¼ 0, leads to

σ 0
ij ¼ −pwδij ¼ βδij; β ¼ SwmaT

nð1 − SrÞ
ð12Þ

Thus, initial effective stress in soil samples at zero total stress is
given by Eq. (12) above.

Consider now the response of unsaturated soils under undrained
conditions. By “undrained conditions,” we mean that neither water
nor air is allowed to escape from the soil sample under loading or
unloading. It is important to point out that the flow of fluids that is,
air or water corresponding to any microstructure of saturation, can
take place when the gradient of excess pore water or air pressure is
generated to establish the flow. In a constant suction test at low to
medium degrees of saturation, a continuous flow out of the sample
is not possible. Therefore, the response observed is essentially that
of the soil skeleton.

In order to define the constitutive relation, express first the volu-
metric strain rate ε̇ii ¼ −V̇V=V (where V̇V ¼ V̇a þ V̇w) in terms of
respective averages ε̇aii ¼ −V̇a=Va and ε̇wii ¼ −V̇w=Vw as

ε̇ii ¼ nfð1 − SrÞε̇aii þ Srε̇wiig ð13Þ

The stress–strain relations for the constituent materials take the
form

σ̇ 0
ij ¼ Dijklε̇kl; ṗw ¼ Kf ε̇wii; ṗa ¼ Kaε̇aii ð14Þ

where Kf = bulk modulus of water and Ka ¼ pa þ p0, with po
representing the atmospheric pressure. Writing Eq. (7) in incremen-
tal form yields

ṗa − ṗw ¼
�
TSws
VV

VV

Va

�
:
¼ TSwma

�
1

Va

�
¼ βε̇aii ð15Þ

At this point, it is convenient to assume that the volumetric
strain rates in both constituents can be uniquely derived from
ε̇ii, that is

ε̇aii ¼ Baε̇ii; ε̇wii ¼ Bwε̇ii ð16Þ

Substituting these relations in Eqs. (14) and (15) yields

ṗa − ṗw ¼ ðKaBa − KfBwÞε̇ii ¼ βBaε̇ii ð17Þ

At the same time, Eqs. (13) and (16) result in

1

n
¼ ð1 − SrÞBa þ SrBw ð18Þ

Solving now the set of simultaneous Eqs. (17) and (18) yields

Bw ¼ 1

nfSr þ ð1 − SrÞ Kf

Ka−βg
; Ba ¼

Kf

Ka − β
Bw ð19Þ

Finally, differentiating Eq. (11) and using Eqs. (17) and (18), the
following constitutive relation is obtained:

σ̇ij ¼ ðDijkl þ KfBwδijδklÞε̇kl ð20Þ

The above relation governs the undrained response of partially
saturated soils at medium degrees of saturation. The drained re-
sponse of unsaturated soil is the same as that of dry soil if the mi-
crostructure of Type B is maintained. The framework presented
above can be incorporated in any constitutive model for the soil
skeleton, and boundary value problems can be solved rationally.
The formulation simply extends the applicability of a constitutive
model for the soil skeleton to the unsaturated state(s) of the same

© ASCE 04019159-3 Int. J. Geomech.
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soil provided the microstructure of saturation is such that the water
as well as air phases are continuous.

Assessment of SWRC for Assemblages of
Monospheres

In the previous section, the behavior of unsaturated soil was dis-
cussed for the case when both the water and air phases are continu-
ous throughout the soil sample. The formulation incorporates the
parameter Swma, which should conceptually be a fraction of the spe-
cific surface area (Ss). In this section, some analytical expressions
based on Eq. (7) are developed for assemblages of monospheres.

The concept of Ss of a particulate material has been invoked in
many branches of engineering and industries such as chemical,
pharmaceutical, ceramic, manufacturing, and cement. The main
objective there is to define the fineness of materials. A number
of methodologies and a wide selection of equipment in the form of
particle size and surface area analyzers are readily available for
characterization of particle sizes in the range of 10 nm–5 mm.

The general aim of this section is to estimate SWRC for equal-
sized particles for two microstructures of saturation:
• Low degree of saturation—pendular water clinging to particles

(Type A); that is, air phase continuous and water phase
discontinuous

• A layer of water of finite thickness surrounding all particles
(Type B)

Low Degree of Saturation—Pendular Water Clinging to
Particles (Type A)

Fig. 2(a) shows the water meniscus holding two spherical particles
together. This is a classical problem that has a wide range of en-
gineering applications. Particles of different sizes, smooth as well
as rough, in contact with each other or having a separation distance,
have been considered (Lian et al. 1993; Molenkamp and Nazemi
2003; Mehrotra and Sastry 1980). Many studies deal with compu-
tation of the shape and volume of water in the menisci, whereas
some recent research (Lian et al. 1993; Molenkamp and Nazemi
2003) deals with suction that can be sustained.

Determination of volume of water requires, in general, a
numerical integration. However, if a circular shape of menisci
is assumed, an exact analytical expression can be derived
(Mehrotra and Sastry 1980). Because our aim here is to obtain
an estimate of SWRC, the latter approach is employed, which leads
to the following expression for the volume of water in a single
contact:

Vw ¼ π

�
ð2R2

1 þ 2R1y0 þ y20Þxc − x3c
3
− ðR1 þ y0Þ

�
xc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2c

q �

− R2
1 arcsin

�
xc
R1

�
− 1

3
x2cð3R − xcÞ

�
ð21Þ

Suction pressure (pS) can be computed using equilibrium of
forces [Fig. 2(b)] acting on the particles as

pS ¼
2Tðy0 − ycSinðβ þ θÞÞ

y2c − y20
ð22Þ

where xc¼Rð1−cosβÞ, yc¼Rsinβ, y0¼ycþR1ð1− sinðβþθÞÞ,
R1 ¼ Rð1 − cos βÞ= cosðβ þ θÞ, with θ being the contact angle and
β being the filling angle (see Fig. 2).

From the previous equations, one can compute degree of satu-
ration (Sr) and suction (pS) for different types of packing, that
is, (1) cubic, (2) orthorhombic, (3) tetragonal-sphenoidal, and
(4) rhombohedral. These are shown in Fig. 3 and the corresponding
number of contacts, volume of unit cell, and porosity are given in
Table 1. The variation of Sr with ps (i.e., SWRC) depends on fac-
tors such as diameter of particles (d), contact angle of water (θ), and
filling angle (β). Fig. 4 shows the influence of different packing
configurations on SWRC with contact angle θ ¼ 50°. Fig. 5 shows
SWRCs for different sizes of smooth monospherical grains
(tetragonal-spheroidal packing). Here, typical values of mean diam-
eters for sand, silt, and clay have been chosen for illustration. The
characteristics correspond to an assemblage with diameters of
0.002–0.02 mm, whereas the contact angles are 0° and 50°. For
β ¼ π=2 − θ, there is R1 → ∞ so that Eq. (22) becomes singular.

The validity of the pendular microstructure of saturation seems
to be within a small range of Sr depending on the type of packing

Fig. 2. Interaction between two soil grains, water meniscus, and air: (a) geometry, meniscus assumed circular in shape; and (b) equilibrium of forces
along x-axis.

© ASCE 04019159-4 Int. J. Geomech.
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and contact angle. Further explanation of the range of validity is
given toward the end of this section.

Layer of Water of Finite Thickness Surrounding All
Particles (Type B)

In this part, we consider a microstructure of saturation of type B, in
which a layer of water of finite thickness adheres to the surface of
particles. It is obvious that this type of saturation occurs at degrees
of saturation higher than those for pendular microstructure dis-
cussed previously. A number of analytical studies involving ideal-
ized assemblages of particles have been carried out (Taylor 1990;
Taylor and Jaffé 1990) in relation to clogging of granular filters by a
film of leachate. In these studies, analytical expressions for the
porosity and Ss have been derived. Taylor’s equations have been
modified by other investigators (Cooke and Rowe 1999; Yu and
Kerry Rowe 2012) to account for overlaps of fluid or solid caps,
initially ignored by Taylor. Here, we employ the original Taylor
expressions, in view of their simplicity, with the aim of getting

Fig. 3. Four stable, regular packing arrangements illustrated as faces of unit cell (*Indicates critical force). (Reprinted from Cooke and Rowe 1999,
© ASCE.)

Table 1. Characteristics of packing of uniform spheres

Packing Number of contact points (m) Volume of unit cell Packing factor Porosity (%)

Cubic 6 d3 1 0.4764
Orthorhombic 8

p
3=2d3

p
3=2 0.3954

Tetragonal 10 0.75d3 0.75 0.3019
Rhombohedral 12 1=

p
2d3 1=

p
2 0.2595

S
r

Suction /kPa

Cubic

Orthorhombic

Tetragonal

Rhombohedral

Fig. 4. Computed SWRC for pendular microstructure (Type A) of
saturation for different packing of monospheres of diameter 0.002 mm
at contact angle 50°.
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estimates of the ps–Sr relationship. Taylor’s equations for porosity
(n) and specific surface area (Ss) for different packing configura-
tions with a film of deposit on particles take the form

n ¼ 1 − π
αm

�
2 −m
12

�
2Lt

d

�
3

þ 4 −m
8

�
2Lt

d

�
2

þ 1

2

�
2Lt

d

�
þ 1

6

�

ð23Þ

SS ¼
π

αmd

�
2 −m
2

�
2Lt

d

�
2

þ 4 −m
2

�
2Lt

d

�
þ 1

�
ð24Þ

where 2Lt
d = nondimensional film thickness; Lt = thickness of the

film of water surrounding particles of diameter d; αm = packing
factor; and m is the number of contacts in a given packing arrange-
ment (listed in Table 1). Eq. (23) gives the porosity of the assembly
when all particles have been coated by a film of debris, which, in
this study, is considered a film of water. At the same time, Eq. (24)
may be interpreted as defining the area of water menisci Swm. Thus,
the degree of saturation corresponding to a given thickness of film
of water as well as suction may be computed. Using this interpre-
tation, Fig. 6 shows SWRC plots obtained from the previous
equations for the grain size of 0.002 mm and different packing
configurations.

Fig. 7 shows a combined plot of the SWRC for pendular (con-
tact angle 0°) as well as the thin film microstructure of saturation.
The branch of the SWRC pertaining to pendular saturation is in-
fluenced by the contact angle, whereas the thin water film micro-
structure part of the SWRC is independent of it. A discontinuity in

S
r

Suction /kPa(a) (b)

d=0.002 mm

d=0.02 mm

d=0.2 mm

S
r

Suction /kPa

d=0.002 mm

d=0.02 mm

d=0.2 mm

Fig. 5. Computed SWRC for Type A microstructure of saturation for monospheres of tetragonal packing of diameters 0.2, 0.02, and 0.002 mm:
(a) contact angle 0°; and (b) contact angle 50°.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0 200 400 600 800

S
r

Suction /kPa

Cubic
Orthorhombic
Tetragonal
Rhombohedral

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

1 10 100 1000

S
r

Suction /kPa

d=0.002 mm

d=0.02 mm

d=0.2 mm

(a) (b)

Fig. 6. Computed SWRC for Type B microstructure of saturation for monospheres: (a) different packing of diameter 0.002 mm; and (b) tetragonal-
spheroidal packing of different diameters.

Fig. 7. Combined plot of computed SWRC for different packing
monospheres of diameter 0.002 mm for contact angle 0°.
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the gradient is clearly observed in the SWRC, which is indicative
of a change in the microstructure of saturation.

The microstructure of saturation of Type A is likely to occur at
quite low degrees of saturation. For suction to arise between mono-
spheres, the filling angle is restricted to (π=2–θ). In view of this, for
high values of the contact angle, the filling angle will be small,
leading to low values of degrees of saturation. An interesting
feature of Eq. (22) is that pw can change sign from tensile to com-
pressive. Convex shapes of water menisci [as observed in Lourenço
et al. (2012)] can also arise. Thus, a pendular microstructure can
occur when Sr becomes less than approximately 0.25, as indicated
by Figs. 4 and 5. This may also be valid only in the drying phase
and cannot be imagined to arise in the wetting phase.

The microstructure of Type B may be perceived as
representative for Sr between 0.25 and 0.7. A discontinuity in
the gradient of the SWRC is clearly seen in Fig. 7 and seems to
be rational. However, another discontinuity in gradient is likely
to take place when the microstructure changes from Type B to
Type C (at approx. Sr > 0.7) as air flow becomes discontinuous.
Discussion of the microstructure of Type C is beyond the scope of
this paper.

Computation of SWRC from PSD or POSD

In the last three decades, several papers have been published on
experimental identification as well as analytical approximation
of the SWRC of soils. Initial work in the early 1980s was carried
out by researchers in soil science, water management, and agricul-
tural engineering whose interest was in diverse topics such as
plant growth, nutrition, flood control, and river basin planning.
In this section, we focus on determination of SWRCs of soils indi-
rectly from PSD and POSD as well as from experiments. A method
of computing POSD from PSD was first presented by Gupta
and Larson (1979), followed by others (Arya and Paris 1981;
Haverkamp and Parlange 1986). It uses porosity and specific
gravity of soil particles. An empirical expression proposed by
Van Genuchten (1980) involving three constants has been a subject
of attention, and their values have been determined by a number of
investigators for different types of soils. Numerous revisions and
alternative expressions to the original formula have also been pre-
sented (Fredlund et al. 2002; Arya et al. 1999; Rezaee et al. 2011).
In addition, tools of computational intelligence have been used to
compute constants in many SWRC equations proposed, and soft-
ware to convert PSD into a SWRC is also now available (Yang and
You 2013; Schaap and Van Genuchten 2006).

On the experimental side of investigations, SWRC has been ob-
tained by different techniques such as the pressure plate test (PPT)
and mercury intrusion porosity (MIP). Recent techniques include
high-resolution X-ray computer tomography to determine PSD.
Finding the SWRC for a particular soil experimentally is time con-
suming as well as expensive. Moreover, there is considerable varia-
tion in the results obtained even when using the same technique,
depending on the experimental setup (Alim et al. 2009; Nam et al.
2010) used. Interestingly, geotechnical engineers got interested in
this area in 1990s because they were prompted by the need to in-
corporate SWRC in constitutive models of soils employed in finite-
element codes.

Comparison of SWRC Characteristics Derived from
PSD or POSD with Experiments

In this section, we compare the SWRCs of various soils computed
from their respective gradation curves with those obtained from ex-
periments. We restrict ourselves to experiments based on just one

technique, that is, the axis translation method (Vanapalli et al. 2008;
Wang et al. 2015, 2017), which is considered reliable for matric
suctions up to a maximum value of 1,500 kPa. For comparison,
we have chosen a low plasticity clay (CL) and a silty sand (SM)
in Table 2 from a recent paper (Nam et al. 2010), where PSDs and
SWRCs of several river bank sands were obtained from PPTas well
as some in-situ test results.

The method of computation of SWRC is based on the method
proposed by Arya and Paris (1981) and is described in the Appen-
dix for completeness and clarity. In this research, it is assumed that
all pores are interconnected. This assumption applies primarily to
soils and not necessarily to all rocks where there can be “blind”
(unconnected) pores as well as connected ones. Figs. 8 and 9
show PSDs and computed POSDs of these soils. Comparison
of computed and experimentally observed SWRCs is shown in
Fig. 10(a). Fig. 10(b) shows the variation of Swma with degree of
saturation for the two soils (for T ¼ 72 × 10−6 kN=m). It is evident
that a close correlation is obtained.

Table 2. Properties of two soils

Property SM CL

Void ratio 0.43 0.6
Specific gravity 2.69 2.72

Fig. 8. Gradation curve of two soils chosen for computation of SWRC.

Fig. 9. Pore size distribution curve of two soils chosen for computation
of SWRC.
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Derivation of Strain-Dependent SWRC

In the analysis of engineering structures in unsaturated soils, the
influence of imposed strains on the SWRC has to be accounted
for. It is extremely difficult to conduct tests like pressure plate tests
with initial strains imposed on the soil sample. This was recognized
long ago (Gallipoli et al. 2003b), and empirical equations for
SWRC were proposed. Recently, a hypothesis relating to change
in POSD as a result of strain was proposed for studying the pore
fluid flow and permeability of deformable porous media by the first
author of the current paper (Shin et al. 2015). The same hypothesis
is applied here for determination of strain-dependent SWRC.

Hypothesis: Volumetric strain causes a uniform change in the
diameter of the pores, which is proportional to its initial value. The
overall change in POSD is such that a change in the void ratio
corresponds to the magnitude of the imposed volumetric strain.

The previous hypothesis is not entirely intuitive. An analytical
solution, which shows that the change in pore radius under hydro-
static stress or strain is linearly proportional to radius of the pore,
has been derived using the theory of elasticity (Chau 2012). The
same phenomenon was indirectly found from experimental results,
which reported a linear relation between the pore size and iso-
thermal compressibility of fluid-filled pores (Gor et al. 2015).

The variation of the void ratio at a certain level of εv can be
determined from

Δe ¼ −ð1þ eÞεv=e ð25Þ

In this section, the previous hypothesis is directly employed to
compute the evolution of POSD from PSD of soils under external
loading. Recognizing that the soil moisture characteristic is essen-
tially a pore-size distribution curve, the strain-dependent SWRC

can be computed from the evolving POSD curves. Thus, incorpo-
ration of PSD in the constitutive model leads to a rational formu-
lation for mechanical behavior of unsaturated soils. Figs. 11 and 12
show POSD and SWRC (water content versus suction) of the soil
(CL) chosen for study at different strain conditions.

The framework of development of a constitutive model for
unsaturated soils proposed here requires the specification of the
water menisci area making contact with the air phase per unit vol-
ume (Swma). Once SWRC has been derived from the PSD as shown
previously, Swma can be computed from Eq. (7). With Swma deter-
mined as a function of Sr for a soil having a given gradation curve,
and a methodology to modify it for the imposed strain at any point
in the domain, description of the mechanical behavior of unsatu-
rated soil is complete and is given by Eq. (20).

Numerical Simulation of the Mechanical Behavior of
Two Unsaturated Soils Having the Same
Characteristics Except Different Gradation Curves

The framework of treating unsaturated soil as a composite material,
as presented earlier, is quite general, and any appropriate constit-
utive model for soil skeleton can be incorporated without any mod-
ifications; that is, there are no new constitutive parameters. The
formulation simply extends the applicability of the existing models
for the soil skeleton to unsaturated states at any degree of

(a)

(b)

Fig. 10. (a) Computed SWRCwith experimental results from PPT; and
(b) interpreted Swma.
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Fig. 12. SWRCs of the soil CL under different strains.
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Fig. 11. POSD curves of the soil CL under different strains.
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saturation. The only additional input required is the gradation
curve, which is readily available to the engineer as a part of site
investigation report. The gradation curve can be in the form of dis-
crete data points, that is, D10, D30, D50, and so on.

The primary objective of this section is to demonstrate the in-
fluence of the gradation curve on the deformation and failure of
unsaturated soils in triaxial compression tests with different initial
conditions. Gradation curves influence the initial conditions of the
unsaturated soil sample at the end of the consolidation phase. This
difference arises due to existence of different Swma leading to differ-
ent initial values of suction. In drained or undrained tests at Sr ¼ 1,
suction does not arise; hence, the response is independent of the
gradation curve.

For illustration, we chose two soils (A and B) with the same
mechanical properties of soil skeleton, initial void ratios, and initial
degree of saturation and different hypothetical gradation curves
(Fig. 13). Computed SWRCs for the two soils based on their re-
spective gradation curves are shown in Figs. 14 and 15. These fig-
ures also show SWRCs when an initial compressive volumetric
strain of 10% is imposed on each of the soils. The SWRCs are seen
to be widely different, making gradation curve an essential input
parameter in unsaturated soil mechanics.

In the next numerical experiment, the two soils (A and B) were
subjected to triaxial compression. The constitutive model adopted
for both soils was a plasticity-based deviatoric hardening model
(Pietruszczak 2010). Material parameters assumed for the soils
adopted for simulations are

K ¼ 20 MPa; G ¼ 15 MPa; ηf ¼ M ¼ 1.5;

ηc ¼ 1.45; A ¼ 0.002

where K and G = bulk and shear moduli, respectively; ηf and ηc =
slopes of failure and zero dilatancy lines in q–p’ space; and A =
material parameter appearing in the hardening function. Let us con-
sider now a sample of these soils with initial porosity n0 ¼ 0.43 and
initial degrees of saturation Sr0 ¼ 0.5 and 0.6 tested at a confine-
ment of p 0 ¼ 200 kPa. Because the air phase is considered inter-
connected here, the initial air pressure is zero, which leads to
pw ¼ −β ¼ −970 kPa for Soil A and −600 kPa for Soil B.

Fig. 16(a) shows q versus εq ¼ 2ðε1 − ε3Þ=3 and (b) εv versus
εq plots for the two soils. Fig. 16(c) shows the evolution of pa and
pw. Under undrained conditions, both air and water are not allowed
to escape from the sample. Results corresponding to drained as well
as undrained conditions (Sr ¼ 1.0) are also shown. It is evident that
for unsaturated specimens, the strength is inversely proportional to
Sr. Undrained and drained strengths are not influenced by the gra-
dation curve. At the same time, it is clear that the gradation curve
plays an important role in the mechanical behavior of unsaturated
soils. This is simply because the surface area between the water and
air interface on which surface tension forces act changes as it de-
pends on the gradation curve.

Conclusions

Modeling of mechanical response of unsaturated soils is a challeng-
ing task for engineers involved in analysis of many types of critical
structures. This is because the behavior of such soils depends on the
microstructure of saturation and initial suction in the soil prior to
application of a mechanical load. These factors must be taken into
account in the analysis in an appropriate manner. In this paper, ana-
lytical expressions for the SWRC for idealized soil (monospheres
of different packing) were derived for two different microstructures
of saturation. These show a discontinuity in the gradient of the
SWRC when the microstructure of saturation changes from the air
phase being continuous to discontinuous.

Incorporation of the gradation curve has been proposed as a ra-
tional input to describe the mechanical response of unsaturated
soils. It has been shown that suction as well as soil water retention
characteristics can be determined, albeit with certain assumptions,
from the gradation curve. Comparison of the computed SWRCwith
those obtained from the experiments indicates a reasonable agree-
ment. It implies that assumptions made for obtaining the SWRC are
rational and can be applied in engineering practice.

Fig. 13. Gradation curves of two hypothetical soils (Soils A and B).

Fig. 14. SWRCs of Soil A under different strains.

Fig. 15. SWRCs of Soil B under different strains.
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It has been demonstrated that two soils with the same initial void
ratio, degree of saturation, and mechanical parameters can have
widely different mechanical strength and deformational character-
istics depending on the gradation curves of the respective soils. It is
therefore clear that gradation curve plays an important role in
understanding of the mechanics of unsaturated soils.

Determination of the gradation curve of a soil is an established
practice, and most site and laboratory investigation reports include
this information as standard. Studies related to microstructure
of saturation using various techniques such as X-ray computed
tomography for different types of soils to determine specific surface
area and evolution of water menisci area at various degrees of
saturation would be useful and should be promoted. Experimental
information on initial suction in samples after compaction,

interpretation of contact angles, and adhesion of water in soils
of known gradation curves is required to advance the research
on a more rational basis.

Finally, SWRC characteristics may be viewed as a primary
source of estimating the average surface area of air-water menisci
for a given microstructure of saturation. This, in turn, is required for
implementing the general constitutive framework as outlined in
“Stress–strain Behavior of Unsaturated Soil Treated as a Composite
Material.”

Appendix. Computation of SWRC from PSD

First, the cumulative particle-size distribution curve is divided into
a number of fractions, say, N. It is imagined that particles in each
size fraction are of the same size, that is, average size and diameter.
Assuming that the specific gravity of solid particles (Gs) for all N
fractions is uniform, then the pore volume associated with each
size fraction can be determined through the phase relationships
(Arya and Paris 1981)

Vi ¼ ðWi=GsÞe ð26Þ

where Vi = pore volume per unit mass associated with the solid
particles in the ith particle size range;Wi = solid mass per unit mass
in the ith particle size range; and e = void ratio.

Then, the cumulative degree of saturation Sr and water content
w corresponding to the jth fraction can be calculated from

Sr ¼
Pj

i¼1 ViP
N
k¼1 Vk

ð27Þ

w ¼ Sre
Gs

ð28Þ

Based on certain assumptions (Arya and Paris 1981): (1) the
solid volume in any given assemblage can be approximated as that
of uniform-size spheres defined by the mean particle radius for the
fraction, and (2) the volume of the resulting pores can be approxi-
mated as that of uniform-size cylindrical capillary tubes whose radii
are related to the mean particle radius for the fraction. The pore
diameter of each range is characterized by the following empirical
equation:

di ¼ Di½4enð1−αÞi =6�0.5 ð29Þ

whereDi and di =mean particle diameter and pore size correspond-
ing to each size range, respectively; the model parameter α is to be
determined empirically; and ni = number of spherical particles in
the ith particle size range and given as follows:

niπD3
i =6 ¼ Wi=Gs ð30Þ

By computing its value as a function of particle size for a num-
ber of the soil materials, Arya and Paris (1981) found that the
values of α ranged from 1.35 to 1.39, and the value of 1.38
was considered the best estimate of α.

Then, the suction Pi corresponding to each pore size can be
obtained from

Pi ¼ −4Ts cos θ=di ð31Þ

where Ts = surface tension, and θ = contact angle between soil
particles and the fluid, assumed as 0°.

Fig. 16. (a) Deviatoric stress versus deviatoric strain in triaxial com-
pression; (b) deviatoric strain (εq) versus volumetric strain (εv); and
(c) evolution of pw and pa with q=p (Sr ¼ 0.5).
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Based on Eqs. (27)–(31), a program can be written to convert
PSD to SWRC with PSD, specific gravity, and void ratio as the
input data.
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